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Abstract

Quartz crystal microbalance (QCM) vibrating in thickness shear mode is used to detect the mass changes of the layer deposited on its
surface. In this paper, an AT-cut quartz crystal microbalance with partial mass absorption on its electrode surface is modeled with Mindlin’s
theory. The effect of position and percentage of covering area of the mass absorption is studied. The numerical simulation results show
that QCM with larger electrode size is less sensitive to the percentage of covering area, and QCM with smaller electrode thickness is less
sensitive to the position attachment of the mass absorption on its surface.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Quartz crystal microbalance (QCM) is used to detect the
micro mass changes and physical properties of thin layers
deposited on the crystal surfaces[1–4]. The active element
of a QCM is a thin AT-cut quartz crystal plate with metal
electrodes deposited on each side of the plate. The applica-
tion of a voltage between the electrodes results in a shear de-
formation within the quartz crystal due to the piezoelectric
properties and crystalline orientation of the quartz[3]. Only
those resonant thickness shear modes with maxima displace-
ment at the crystal surface are applied for sensor applica-
tions. The high resonance frequency of the QCM makes the
device sensitive to its surface perturbation, such as mass ab-
sorption. Sauerbery’s equation gives the linear relationship
between the resonance frequency shift of QCM and mass
attached on the electrode surface[4]. This equation and its
various refinements generally assume that the mass is uni-
form and fully attached to the QCM surfaces[4–6]. In many,
but not all, cases this is a good approximation. However, the
mass and vibration amplitude are not perfectly uniform[7]
and the mass loading might be attached on only partial area
of the electrode region. Few theoretical studies have been
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found in literatures on those non-perfect mass attachment
problems. In order to be able to make use of the high reso-
lution of QCM measurements, the relation between the fre-
quency changes and the changes of the surface attachment
details must be studied.

QCM is operating on its thickness shearing vibration
mode. With electrode covering on the quartz crystal, the
thickness shearing vibration is trapped on the electrode
region because of the energy trapping effect[8]. The vibra-
tion amplitude distribution is highly non-uniform within the
electrode area. The vibration falls off fast at the electrode
edges. Different position of mass deposited on the electrode
does have different effect on resonance frequency of the
quartz crystal resonator.

In this paper, theoretical studies of a rigid mass partially
attached on electrode surface are performed using a model
which is based on the Mindlin’s theory[9]. With the as-
sumption that the operation frequency is close to the cut-off
frequency of the electrode-covering region, the thickness
shear mode is decoupled with thickness flexure mode[10].
The performance of the QCM with different percentage of
mass attachment area and position of the mass attachment
partially mass attachment on electrode surface is analyzed
and studied. The resonance frequency is changed with the
position of the mass attachment. The numerical simulation
results show that QCM with larger electrode size is less sen-
sitive to the percentage of covering area, and QCM with
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smaller electrode thickness is less sensitive to the position
attachment of the mass absorption on its surface.

2. Model for analysis

The QCM model used for analysis is shown inFig. 1.
It is an infinite AT-cut quartz plate with two electrode lay-
ers coated on the top and bottom surfaces. The structure is
symmetrical to thex-axis. By applying the electrical voltage
with a certain frequency on the electrode, thickness shearing
vibration will be generated with the electrode-region due to
the energy trapping effect. For sensor applications, the mass
absorbed on the surface of the electrode will reduce the res-
onance frequency following the Sauerbery’s equation under
certain assumptions. The mass absorption maybe occurs on
both the top and the bottom surfaces, Small asymmetry ef-
fects arising from any mass imbalance between the top elec-
trode surface and bottom surface are neglected.

There are five regions divided for QCM, where mass ab-
sorbed partially on the surface of the electrodes. The mass
absorbed area is indicated as inFig. 1 with lengthD2, and
D1, D3 from both edges of electrode. The regions I and V
without electrode covering are assumed to be semi-infinite.

2.1. TS and TF coupling motion equations

For the regions with electrode and rigid mass absorption,
the coupled vibration equations of TS and TF modes ob-
tained by Mindlin are used here. Neglecting the thickness of
mass attached, but taking into account the mass of the sur-
face region III, the motion equation with TS and TF modes
can be expressed as[9]

c∗66k
2
6e

(
∂2v

∂x2
+ ∂ψ

∂x

)
= ρ(1 + R+ Rm)

∂2v

∂x2
(1)

γ11h
2∂

2ψ

∂x2
− 3k2

6ec
∗
66

(
∂v

∂x
+ ψ

)
+ C

2h

= ρh2(1 + 3R+ 3Rm)
∂2ψ

∂t2
(2)

where ν and ψ are deflection iny-direction and rotation
on the line element normal to the mid-plane of the quartz
plate, respectively,c∗66 = (c66 − c26c62/c22) + e226/ ∈22
at non-electrode region due to the piezoelectric stiffening

Fig. 1. QCM structure with mass absorption partially attached on surface.

effect andc∗66 = (c66 − c26c62/c22) at electrode region,
is the shearing modulus of the elasticity onx–y plane,c
is the mechanically equivalent couple per unit area of the
imposed voltage on the electrode,γ11 = c11 − (c12)

2/c22
is Voigt’s stretch modulus of the plate in thex-direction,
k2

6e is the compensate factor which can be calculated from
two-dimensional approximate method[9]
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whereR = ρehe/ρh, Rm = ρmhm/ρh, are the ratio of the
mass per unit area of electrode and absorption mass to quartz
per unit area,ρe andρm are densities of electrode material
and of absorption mass on surface,he andhm are thickness of
electrode and absorption, respectively. At the region where
there is no electrode covering,R = Rm = 0 andC = 0.
The small asymmetric effect arising from mass absorption
imbalance on the top and bottom surfaces is neglected in
this paper, though the imbalance absorption may occur on
the top and bottom surfaces. The structure and vibration are
asymmetric to the middle-plane of the quartz plate before
and after absorption.

The straight-crested shearing wave is introduced by as-
suming the line displacement profile in the thickness direc-
tion. The shearing displacement can be expressed as:

ux = yψ (4)

Same as the derivation in Ref.[9], the transverse forceQ(x)
and the bending momentM(x) at the particular position are
given as a function of the rotation anger and transverse de-
flection.
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When the mass absorption is not on the whole electrode
area, the whole QCM structure is divided into five regions
(section I–V) as shown inFig. 1. Considering the energy
trapping effect, there are three cut-off frequencies of TS
wave expressed as follows:

For regions I and V which are without electrode covering

ω2
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For regions II and IV which are with electrode covering but
without mass absorption

ω2
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For region III, which is with electrode covering and mass
absorption, the cut-off frequency is
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2.2. Solutions of decoupling TF and TS modes

Thickness shearing and thickness flexure modes are cou-
pled together inEqs. (1) and (2). When the disturbance
and operation frequency is close to cut-off frequency,ω =
ω2 ± �ω, where�ω << ω2, the coupling equations be-
tween the TS, and FT modes yields the relation (10).

v = −1

3
h2∂ψ

∂x
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Substituting the relation into equations, we obtain a single
equation of motions for thickness shearing mode.
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For regions I and V,R = Rm = 0 where it does not have
either electrode or attached mass. For regions II and IV,
Rm = 0, where it is with electrode covering but without
mass absorbed.Eq. (11)is the decoupled TS mode vibration
equation. Assuming that a harmonic voltage excitationC =
C0 ejωt is applied on the electrode surface, harmonic solution
for ψ can be expressed as

ψ = ϕ ejωt (12)

Substituting intoEq. (11), the motion equation can be rewrit-
ten as
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for three types of region.
When the operating frequency is assumed for the range,

ω1 ≥ ω ≥ ω2 ≥ ω2, the thickness shearing wave will
attenuate exponentially at regions I and V, and it can be
propagated in regions II–IV due to the energy trapping ef-
fect. When a electrical voltage mechanically equivalent to
C = C0 cos(ωt) is impressed across the electrode, the solu-
tion of Eq. (13)includes transient response and steady-state

response. The transient response of the constantC0 is
not involved in the resonance characteristics analysis. The
steady-state response of the electrode region is the sum of
the external impressed equivalent force and its harmonic re-
sponse. With arbitrary constantsai, i = 1–8, the harmonic
solutions of rotation in each of the regions I–IV can be
written as

ϕ1 = a1 exp(ξ1x1) x1 ≤ 0 region I (14)

ϕ2 = ϕ(2)0 + a2 cos(ξ2x1)+ a3 sin(ξ2x1)

0 ≤ x1 ≤ D1 region II (15)

ϕ3 = ϕ(3)0 + a4 cos(ξ3x1)+ a5 sin(ξ3x1)

D1 ≤ x1 ≤ D1 +D2 region III (16)

ϕ4 = ϕ(2)0 + a6 cos(ξ2x1)+ a7 sin(ξ2x1)

D1 +D2 ≤ x1 ≤ D1 +D2 +D3 region IV (17)

ϕ5 = a8 exp(−ξ1x1) D1 +D2 +D3 ≤ x1 region V

(18)
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The conditions of continuity of displacement and moment at
the boundaries of different regions of the plates requires that

ϕi = ϕi+1 (19)

∂ϕi

∂x
= ∂ϕi+1

∂x
(20)

at x = 0, x = D1, x = D1 + D2 andx = D1 + D2 + D3.
These continuity conditions providing eight equations for
constantsai, i = 1–8, which can be obtained.

[M]8×8{a}8×1 = {ϕ0}8×1 (21)

Table 1
Material properties of AT-cut quartz and silver electrode of QCM

AT-cut quartz Silver electrode

Density (kg/m3)
ρ = 2675 ρe = 10,500

Stiffness modulus (GPa) Voigt’s stretch modulus (GPa)
c11 = c22 = 86.74,c12 = 6.99,

c66 = 62.51,c26 = c62 = 0
γ11 = c11 − (c12)

2/c22 = 86.177

Thickness
h = 0.2 mm he = 300 nm
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where
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where

bij = cos(ξidj) sij = sin(ξidj), i = 1–3, j = 1–3

dj = D1,D1 +D2,D1 +D2 +D3

To satisfy the equations, the resonance condition requires
the determinant of the coefficient matrix [M]8×8 to be zero.
The determinant of the matrix is a function of the electrode
length and parameters of the mass attached on the electrode
surface.

3. Numerical simulation and results

In this section, simulations for QCM with partially at-
tached mass on surface are performed. With materials prop-
erties of AT-cut quartz crystal and silver electrode on sur-
faces as shown inFig. 1, the effect of the size and position
of the attached mass are analyzed and discussed. The thick-
ness of the quartz and dimensions of electrode are also listed
in Table 1.

3.1. Mass absorption uniformly covering whole electrode
area

With different electrode size, the resonance frequency of
the first TS mode is different. The resonance spectrum of the
QCM with different electrode size is shown inFig. 2. The

Fig. 2. TS mode resonance frequency spectrum of QCM without absorp-
tion.

resonance frequency of TS mode approaches that of cut-off
frequency with increasing electrode size.

For sensor applications of QCM, the resonance frequency
shift of the first TS mode is a function of the mass attached on
quartz surface. The normal expression of the mass sensitivity
is expressed as

�f

f
=̇ − �Rm

1 + R+ Rm
(22)

in which, the frequency sensitivity of QCM is independent
on the electrode size. However, from the dispersion rela-
tions, it can be seen that the resonance frequency of QCM
relates to the electrode area. This effect is not only due to
the coupling of TF and TS vibration mode as mentioned in
Ref. [11], in which the relationship between the frequency
shift is expressed as a function of the absorption mass in
unit area. Even with decoupling of TF and TS modes used
in this paper, the sensitivity of QCM also decreases as
the electrode size decreases. As similarly shown inFig. 3,
the simulation is performed with mass absorption fully
attached on the electrode surface, i.e.D1 = D3 = 0, and
the sensitivity with different electrode size is calculated.
The difference between the calculated sensitivity of QCM
and nominal sensitivity is enlarged as the electrode size

Fig. 3. Frequency sensitivity of QCM as a function of mass absorption
unit area with different size of electrode size.
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Fig. 4. Frequency sensitivity of QCM as function of mass absorption per
unit width with different size of electrode size.

decreases. This can be explained that the total mass attached
on the electrode surface is reduced with decreased electrode
size having the same absorption mass thickness. If we keep
the mass constant, the similar figure plot as a function of
total absorption mass on the surface, this trend as indicated
in Fig. 4 is different fromFig. 3. Since the QCM is mostly
used to detect the thickness of absorption, larger electrode
size provided higher sensitivity to thickness of absorption
mass.

Fig. 5. TS vibration profile alonex-direction.

Fig. 6. TS resonance of QCM as a function of percentage covering area of mass absorption (with constant mass and electrode lengthD/h = 15).

3.2. QCM with mass absorption partially on the surface

From the vibration profile of the QCM as shown inFig. 5,
it can be seen that the amplitude of the TS vibration de-
creases very fast as close to the edges of the electrode. When
the absorption mass is not fully attached on the electrode
surface, the percentage of the covering will affect the TS
resonance frequency shift.

Under the condition of symmetric distribution of the ab-
sorption mass on electrode surface, i.e.D1 = D3, Fig. 6
gives the TS resonance frequency shift with different per-
centage covering of absorption mass on the electrode surface
with different mass absorption volume.

When the covering area decreases, the absorption mass is
concentrated at the center of the electrode where the vibra-
tion amplitude is lager than that of the electrode edge. The
resonance frequency of TS mode is decreased when the ab-
sorption area is decreased as shown inFig. 6 even with the
same volume of the absorption mass. The difference between
30% covering and full covering can be several kilohertz.
Fig. 7presents the comparison of this covering area effect for
different electrode sizes. Keeping the mass volume constant
as increasing the absorption percentage from 30 to 100% of
the electrode length, the resonance frequency shift value for
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Fig. 7. Covering area effect of the absorption mass for different electrode length (solid line: relative shift comparing with frequency shift of fullcovering;
dot line: absolute frequency shift).

different QCMs with different electrode length (D/h = 10,
20, 25, respectively) are shown as dotted lines. The relative
frequency shift (relate to frequency shift of full absorption)
due to the difference of the absorption position is shown as
solid lines. From the solid lines, it can be seen that with an
increase of the electrode size, this covering area effect of
absorption mass is less significant as shown inFig. 7.

With partially absorption mass on the surface, there is a
chance for mode jump, since the cut-off frequency of TS
mode in absorption region is less than that of the other elec-
trode regions. When the thickness of the absorption reaches
a certain value, the TS resonance frequency QCM will be
smaller than the cut-off frequency of a naked electrode re-
gion ω2. The main TS vibration will be trapped within the
absorption mass region.

3.3. Effect of position of the absorption mass on the
electrode surface

Keeping the attachment mass constant, and the attach-
ment position moving from electrode edge to center, the

Fig. 8. Resonance frequency shift due to the different position of absorption from edge position to center of the electrode (absorption mass per unit
width = 0.01 g/m).

resonance frequency of the QCM decreases. This frequency
shift is not due to the different mass volume, but due to the
different mass position.Fig. 8gives the resonance frequency
shift with different mass attachment area moving from edge
to center of the electrode. It is shown that the resonance fre-
quency of QCM is decreased as the constant mass moves
from electrode edge to center position. Three cases are an-
alyzed with the same mass volume as shown inFig. 8, i.e.
40, 50 and 60% covering area, respectively. It is shown that
with smaller attachment area, the effect of the different at-
tachment position is more significant.

Keeping the same thickness and percentage of attachment
area of the absorption on electrode surface,Fig. 9shows the
effect of the electrode thickness and electrode length to the
position sensitivity. The maximum difference of resonance
frequency due to the attached position is calculated as func-
tions of the electrode length (length/thickness ratio). The
maximum difference of resonance frequency due to position
of mass absorbed is expressed as

�fm = fedge− fcenter (23)
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Fig. 9. The maximum frequency difference with absorption mass moving from edge to center as function of electrode length for different electrode
thickness. The mass absorption is set to be 50% of electrode length, and the mass volume per unit width for each electrode thickness is kept constant
mass= 0.005 g/m.

where fedge and fcenter are resonance frequencies of com-
pounded QCM when mass absorbed on edge of electrode
and that of QCM when mass absorbed on center of QCM.
The larger�f indicates the more significant mass position
dependence for QCM.

It is found that the significance of the absorption position
effect on compounded QCM is related to the thickness of
electrode. The position sensitivity of QCM with electrode
thickness 100 nm is lowest and even appears to be indepen-
dent of the electrode length. It implies that QCM with thin
electrode results in a more constant resonance frequency
with different absorption mass for compounded QCM. And
thinner electrode can be the chose for sensor applications to
reduce the position dependence of the resonance frequency
of compounded QCM.

Thicker electrode layer on quartz surface can be used to
increase the energy trapping effect of QCM, so as to increase
the Q-factor or reduce the coupling between adjacent QCM
for multi-channel QCMs applications. The energy trapping
effect of the thickness shearing vibration of quartz plate is
significant with a thick electrode etched on the surface, as
the vibration amplitude will drop faster at the edge. For
that case, a larger electrode size results in a more constant
resonance frequency with different absorption positions and
gives more accurate results of mass attached despite the mass
absorption position as shown inFig. 9.

4. Conclusion

An AT-cut Quartz crystal microbalance with absorp-
tion mass partially attached on surface is analyzed using
Mindlin’s plate theory. Because of the energy trapping ef-
fect, amplitude of the vibration of the thickness shearing
mode is different on the QCM surface. With mass ab-
sorption on different position of the electrode surface, the

induced resonance frequency shift is different. In this pa-
per, the effect of the percentage of the covering area and
position of the absorption mass is analyzed and discussed.
The numerical simulation shows that QCM with a thinner
electrode is better to reduce the effect of the partial absorp-
tion of the mass attachment, and so will result in a more
accurate measurement results for sensor applications.
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